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Abstract
Supergravity theory in 2 + ǫ dimensions is studied. It is invariant
under supertransformations in 2 and 3 dimensions. One-loop divergence
is explicitly computed in the background field method and a nontrivial
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1. Introduction
Quantum theory of gravity has been an outstanding challenge for many years. It is
power-counting renormalizable at two spacetime dimensions. It has been proposed
to study the quantum theory of gravity at d = 2 + ǫ dimensions and to expand
it in powers of ǫ [1]–[3]. After paying due attention to subtleties associated with
a conformal mode, a nontrivial fixed point has been found at one-loop order [4].
More recently, renormalization properties of the 2 + ǫ dimensional quantum gravity
have been further studied using a convenient choice of variables and gauge fixing
conditions [5].
Quantum gravity in two spacetime dimensions is useful not only as a theoreti-
cal laboratory for higher dimensional gravity theories, but also as a basis for string
theory. Two-dimensional supergravity is especially important for string theories,
although it is also interesting from the point of view of quantum gravity theories.
Recent progress in matrix models provides possibilities for a nonperturbative treat-
ment of the two-dimensional quantum gravity [6]. (For a review of matrix models,
see ref. [7].) However, so far it has been difficult to incorporate supersymmetry
in the two-dimensional spacetime in such a discretized approach. At the moment
we need to develop continuum approaches to study supergravity in two dimensions.
Therefore it is useful to explore a computational scheme to deal with the super-
gravity theory at and near two-dimensional spacetime, in order to understand the
superstring theory as well.
The purpose of this paper is to formulate a supergravity theory in d = 2 + ǫ
dimensions and to compute the beta function up to one-loop order. We find a
nontrivial fixed point of order ǫ, analogous to the nonsupersymmetric case. We also
study the ǫ→ 0 limit of the theory and find that the result is in agreement with the
usual continuum approach using conformal field theory [8]–[11].
We shall present an action for supergravity multiplet and supersymmetric matter
multiplet in d = 2 + ǫ dimensions, which is exactly invariant under the supersym-
metry transformation at 2 and 3 dimensions. Our theory smoothly interpolates
between d = 2 and d = 3 supergravity theories [12]–[14], but is not exactly invariant
at noninteger dimensions. This is primarily because the proof of invariance requires
Fierz identities which are valid only at integer dimensions. We shall attempt to use
dimensional reduction [15] from D to d dimensions, for instance, D = 3 to d = 2+ ǫ.
However, we find that the proof of invariance is plagued by inconsistencies which
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are similar to those encountered in the case of D = 4 dimensions [16].
We shall use the background field method [17], [18] to compute one-loop counter
terms. We introduce a two-parameter family of gauge fixing conditions which is
convenient to separate conformal and superconformal modes from the rest of the
supergravity multiplet. By choosing the gauge parameters, we can obtain a gauge in
which (super)conformal modes have no mixing with the non(super)conformal modes,
and moreover the propagators of non(super)conformal modes have no 1/ǫ pole. This
gauge choice facilitates computations of one-loop counter terms significantly. This
gauge can be understood as a supersymmetric generalization of the gauge adopted
for the 2 + ǫ dimensional gravity [5].
One-loop counter terms are obtained by computing contributions from the su-
perconformal modes (spin 1/2 components) and those from the non-superconformal
modes (spin 3/2 components) of the gravitino field separately. They are combined
with contributions from superghosts and Nakanishi-Lautrup fields. The contribu-
tions from the graviton sector are also computed and found to agree with refs. [4],
[5]. By combining all these one-loop counter terms, we obtain beta function for the
gravitational coupling constant G. The resulting beta function turns out to have a
nontrivial fixed point at
G∗ =
ǫ
9− cˆ , (1.1)
where cˆ denotes the central charge of the superconformal matter multiplet such as
cˆ free scalar and spinor fields. By taking the ǫ → 0 limit, we can define a two-
dimensional quantum gravity theory. We shall construct physical operators in such
a limit and compute their scaling dimensions. The results are found to agree with
the conformal field theory approach [8]–[11].
In the next section, supergravity theory in d = 2+ ǫ dimensions is presented to-
gether with supersymmetric matter field theories. In sect. 3, the supergravity theory
is quantized by introducing gauge fixing conditions which separate (super)conformal
and non(super)conformal modes. One-loop divergences are computed in sect. 4. In
sect. 5, a nontrivial fixed point is shown to follow from the beta function and the
two-dimensional limit is also worked out. In sect. 6, dimensional reduction from D
to d dimensions is examined and is shown to possess inconsistencies if we want to
use it to prove invariance under supersymmetry transformations. In appendix A
one-loop counterterms of a vector gauge field are computed. In appendices B and
C details of dimensional reductions of supergravity action are worked out.
3
2. Supergravity in 2 + ǫ dimensions
The N = 1 supergravity multiplet in two- and three-dimensional spacetime con-
sists of a vielbein eµ
α, a Majorana Rarita-Schwinger field ψµ and a real scalar auxil-
iary field S [12]–[14]. The local Lorentz indices are denoted by Greek letters starting
α, β, · · ·, and the world indices are denoted by middle Greek letters starting µ, ν, · · ·.
Both indices run from 0 to d − 1. A signature of the metric is (−,+, · · · ,+). We
shall use the same field content as a supergravity multiplet in d = 2 + ǫ dimen-
sions. The action in d = 2 + ǫ dimensions is an interpolation between two- and
three-dimensional ones [13], [14]
SSG =
1
16πG0
∫
ddx e
[
R + iψ¯µγ
µνρDνψρ − d− 2
d− 1S
2
]
, (2.1)
where e = det eµ
α and G0 is the bare gravitational coupling constant. The multi-
index matrices γµν··· are the antisymmetrized products of gamma matrices such as
γµνρ = 1
3!
(γµγνγρ ± permutations). The scalar curvature in the Einstein term is
given by
R = eα
µeβ
ν
(
∂µων
αβ + ωµ
α
γ ων
γβ − (µ↔ ν)
)
. (2.2)
Let us note that the kinetic term of the gravitino ψρ is invariant under the general
coordinate transformation without the affine connection (Christoffel symbol Γ) in
the covariant derivative Dν
Dνψρ =
(
∂ν +
1
4
ων
αβγαβ
)
ψρ. (2.3)
In the spirit of the so-called second order formalism [19], the spin connection ωµ
αβ
is chosen such that it satisfies the equation of motion derived from the above action
Dµeν
α −Dνeµα = −1
2
iψ¯µγ
αψν ≡ Tµνα, (2.4)
where Tµν
α is a torsion. Again there is no affine connection in the covariant deriva-
tives. The solution of the above equation of motion for the spin connection is given
by
ωµ
αβ = ωµ
αβ(e) + κµ
αβ , (2.5)
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where ωµ
αβ(e) is the usual spin connection without torsion
ωµαβ =
1
2
eα
ρeβ
σ
[
eσ
γ (∂µeργ − ∂ρeµγ)− eµγ∂ρeσγ − (ρ↔ σ)
]
(2.6)
and the torsion part is explicitly separated as
κµαβ = −1
4
i
(
ψ¯µγαψβ − ψ¯µγβψα + ψ¯αγµψβ
)
. (2.7)
The supertransformations of the supergravity multiplet are given in terms of an
infinitesimal anticommuting parameter ε(x)
δeµ
α = −iε¯γαψµ,
δψµ = 2
(
Dµ +
1
2(d− 1) S γµ
)
ε,
δS =
1
2
iS ε¯γµψµ − 1
2
iε¯γµνψµν , (2.8)
where ψµν is the antisymmetrized covariant derivative of the Rarita-Schwinger field
without the affine connection
ψµν = Dµψν −Dνψµ. (2.9)
The transformation of the spin connection turns out to be
δωµαβ =
1
2
i(ε¯γαψµβ − ε¯γβψµα + ε¯γµψαβ) + 1
2(d− 1)iS(ε¯ψβeµα − ε¯ψαeµβ + ε¯γαβψµ).
(2.10)
We do not need this transformation of the spin connection to prove the invariance
of the supergravity action since we have chosen the spin connection such that it
satisfies the equation of motion.
Let us show the invariance of the supergravity action (2.1) for d = 2 and d = 3
[13], [14]. For d = 2 it is trivial since the action is vanishing. To prove the invariance
for d = 3, it is convenient to rewrite the Rarita-Schwinger action as
SRS = − 1
16πG0
∫
ddx i ǫµνρ ψ¯µDνψρ. (2.11)
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Under the supertransformation, each term in the action (2.1) is transformed into
δSE =
1
16πG0
∫
d3x e (−i) ε¯γαψµ (Reαµ − 2Rαµ) ,
δSRS =
1
16πG0
∫
d3x e
[
iε¯γαψµ (Reα
µ − 2Rαµ)− 1
2
iSε¯γµνψµν
]
,
δSaux =
1
16πG0
∫
d3x e
1
2
iS ε¯γµνψµν . (2.12)
We see that the supergravity action is invariant under the supertransformation. For
d 6= 2, 3, we can show that the action (2.1) is invariant under the supertransforma-
tions (2.8) neglecting terms of order (fermi fields)3.
As a matter multiplet in N = 1 supergravity theory we take a scalar super-
multiplet consisting of a real scalar field X , a Majorana spinor field λ and a real
scalar auxiliary filed F . The matter action is an interpolation between the two- and
three-dimensional ones [12]–[14]
SM =
∫
ddx e
[
−1
2
gµν∂µX∂νX +
1
2
iλ¯γµDµλ+
1
2
FF
+
1
2
iψ¯µγ
νγµλ∂νX − d− 2
4(d− 1)iSλ¯λ−
1
16
ψ¯µγ
νγµψν λ¯λ
]
, (2.13)
where the spin connection contains the torsion part κµαβ as is defined in eq. (2.7).
The matter supermultiplet is noninteracting if we switch off the gravitational interac-
tions in the flat spacetime limit. We shall consider cˆ of such matter supermultiplets:
(X i, λi, F i) (i = 1, · · · , cˆ).
Supertransformations for the matter multiplet are given by
δX = iε¯λ,
δλ = −γµεDPµX − εF,
δF = iε¯γµDPµ λ−
d− 2
2(d− 1) iSε¯λ, (2.14)
where DPµ is the supercovariant derivative:
DPµX = ∂µX −
1
2
iψ¯µλ,
DPµ λ = Dµλ+
1
2
γνψµD
P
ν X +
1
2
ψµF. (2.15)
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Supertransformation of the matter action gives residual terms which are of order
(fermi fields)3 and vanish for d = 2, 3 once we use the Fierz identities. The Fierz
identities in two and three dimensions are
d = 2 : χ¯1χ2χ¯3χ4 = −1
2
[
χ¯1χ4χ¯3χ2 + χ¯1γ
αχ4χ¯3γαχ2 − 1
2
χ¯1γ
αβχ4χ¯3γαβχ2
]
,
d = 3 : χ¯1χ2χ¯3χ4 = −1
2
[
χ¯1χ4χ¯3χ2 + χ¯1γ
αχ4χ¯3γαχ2
]
, (2.16)
where χ1, · · · , χ4 are arbitrary anticommuting spinors. Let us note that the Fierz
identities imply that we are assuming spinors to be two-component and the gamma
matrices γα to be 2 × 2 matrices. In proving the invariance of the matter action
it is necessary to use the transformation of the spin connection (2.10). The order
(fermi field)3 terms remain for d 6= 2, 3.
By using a superfield formalism [13], [9], we can construct physical operators
in two dimensions, which are invariant under all the local gauge symmetries. We
consider only the simplest operator Op, which corresponds to the tachyon vertex
operator with momentum p in the Neveu-Schwarz sector of string theories. In terms
of the component fields it is given by
Op =
∫
ddxOp(x),
Op(x) = e
(
ipiλ¯
iλjpj − 2ipiF i + ψ¯µγµλipi − 2S + 1
2
iψ¯µγ
µνψν
)
eip·X . (2.17)
We now consider this operator in general d dimensions. By using the gamma ma-
trix identities in two or three dimensions, we find the supertransformation of the
integrand
δOp(x) = ∂µ
[
2e(ε¯γµλipi + iε¯γ
µνψν)e
ip·X
]
. (2.18)
Therefore Op is invariant not only in two dimensions but also in three dimensions.
For three dimensions, we have used the following identity
ǫµνρε¯γαψρψ¯µγαψν = 0, (2.19)
which is valid because of the Fierz identity. For d 6= 2, 3, we can show that the
operator (2.17) is invariant under the supertransformations neglecting terms of order
(fermi fields)3. The above operator can be considered as a bare operator and we
need to consider its renormalization properties. In particular we should consider
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the dressing due to the conformal mode. We shall describe the case of the two-
dimensional limit in detail in sect. 5.
3. Gauge fixing and quantization
To find one-loop counterterms we shall compute one-loop divergences using the
action (2.1) with the bare gravitational constant G0 replaced by G/µ
ǫ, where G
and µ are the renormalized gravitational constant and the renormalization scale
respectively. We use the background field method [17], [18]. Fields Φ are written as
a sum of background fields Φˆ and quantum fields Φq: Φ = Φˆ+Φq. At one-loop level,
the effective action Γ[Φˆ], i.e., the generating functional of one-particle-irreducible
diagrams is given by a path integral
eiΓ[Φˆ] = eiS[Φˆ]
∫
DΦq eiS(2)[Φq; Φˆ], (3.1)
where S(2) is a part of the action which is quadratic in the quantum fields Φq.
We shall denote the background vielbein as eˆµ
α and use a parametrization for
quantum fields to separate conformal mode (trace part) φ from nonconformal mode
(traceless part) hα
β [5]
eµ
α = eˆµ
β( e
1
2
κh)β
α e−
1
2
κφ, hαβ ≡ hαγηγβ = hβα, hαα = 0, (3.2)
where κ2 = 16πG/µǫ. We have fixed the local Lorentz symmetry such that hαβ is
symmetric. The field φ is called Liouville field. For the Rarita-Schwinger field, we
also introduce a parametrization to separate superconformal mode (spin 1/2 part)
η from the nonsuperconformal mode (spin 3/2 part) φα
ψµ = κ eµ
α(φα + γαη), γ
αφα = 0. (3.3)
We have chosen background fields other than that of the vielbein to vanish. In terms
of these parametrizations, a part of the supergravity action which is quadratic in
the quantum fields is given by
S
(2)
SG =
∫
ddx eˆ
[
−1
4
DˆµhαβDˆ
µhαβ +
1
4
(d− 2)(d− 1)gˆµν∂µφ∂νφ
8
+
1
2
Dˆαh
αγDˆβh
β
γ − 1
2
hαβhγδRˆαγδβ +
1
8
(d− 2)2φ2Rˆ
+
1
2
(d− 2)φhαβRˆαβ − 1
2
(d− 2)φDˆαDˆβhαβ + i φ¯αDˆ/φα
+(d− 2) i
(
η¯Dˆαφ
α − φ¯αDˆαη
)
− (d− 2)(d− 1) i η¯Dˆ/ η − d− 2
d− 1S
2
]
, (3.4)
where Dˆ/ = γαDˆα and we have rescaled the auxiliary field S by κ.
To fix the gauge symmetries of general coordinate and local supersymmetry
transformations, we use the method of ref. [20]. In this method the gauge symmetry
is fixed by adding a BRST exact term −iδB(bF ) to the lagrangian, where b is the
anti-ghost field and F is a gauge function. The gauge function F is an arbitrary
function of the fields. This method is equivalent to the procedure of refs. [21], [19].
At one-loop level we can discuss the gauge fixing of general coordinate symmetry
and local supersymmetry separately.
To fix general coordinate symmetry we introduce fermionic Faddeev-Popov ghost
and anti-ghost fields cα, bα and a bosonic Nakanishi-Lautrup auxiliary field Bα, all
of which are vector fields. The BRST transformations of hαβ , φ, bα and Bα are given
by
δBhαβ = Dˆαcβ + Dˆβcα − 2
d
ηαβDˆγc
γ + · · · ,
δBφ = −2
d
Dˆαc
α + · · · ,
δBbα = iBα, δBBα = 0, (3.5)
where the dots represent terms quadratic and higher order in the quantum fields.
We will use the following gauge function with two parameters α, β to fix the general
coordinate symmetry∗
(FGC)α = eˆ
(
Dˆβhβα +
1
2
βDˆαφ+
1
2
αBα
)
. (3.6)
Then the gauge fixing term and the ghost action are given by
SGC =
∫
ddx δB[−ibα(FGC)α]
∗Our gauge parameters can be compared to those used in other papers such as ref. [4] which is
denoted by a suffix KN: βours = βKNd− 2, αours = 1/αKN.
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=
∫
ddx eˆ
[
1
2
αB′αB′α −
1
2α
(
Dˆβhαβ +
β
2
Dˆαφ
)2
+ibα
(
Dˆβ(Dˆαcβ + Dˆβcα)− β + 2
d
DˆαDˆβc
β
)
+ · · ·
]
, (3.7)
where B′α is a shifted auxiliary field.
For local supersymmetry gauge fixing, we introduce bosonic Faddeev-Popov
ghost and antighost fields γ, β, and a fermionic Nakanishi-Lautrup field B, all
of which are spinor fields. The BRST transformations are
δBφα =
2
d
(
(d− 1)ηαβ − γαβ
)
Dˆβγ + · · · ,
δBη =
2
d
Dˆ/ γ + · · · ,
δBβ = B, δBB = 0. (3.8)
We use the gauge fixing condition with two parameters a and b
FSUSY = 2eˆ
(
Dˆαφα − Dˆ/
(
bη − a
2
B
))
. (3.9)
The gauge fixing term and the ghost action are
SSUSY =
∫
ddx δB[−iβ¯FSUSY]
=
∫
ddx i eˆ
[
−1
a
φ¯αDˆαDˆ/
−1
Dˆβφβ − b
a
(η¯Dˆαφ
α − φ¯αDˆαη) + b
2
a
η¯Dˆ/ η
−4
d
β¯
(
(d− 1)DˆαDˆα − γαβDˆαDˆβ − bDˆ/2
)
γ − aB¯′Dˆ/B′ + · · ·
]
, (3.10)
where we have shifted the Nakanishi-Lautrup field to eliminate mixing with other
fields
B′ = B +
1
a
(Dˆ/
−1
Dˆαφ
α − bη). (3.11)
In our gauge condition, the Nakanishi-Lautrup field B′ is free but is propagating
unlike ordinary auxiliary fields, whereas the nonsuperconformal mode (spin 3/2 part)
φα acquires a nonlocal term.
So far we treated the gauge fixing for the general coordinate symmetry and the
local supersymmetry separately. Since the gauge fixing condition for one symmetry
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can actually violate the other symmetry too, we need to consider the combined
BRST transformation of the total gauge conditions −iδB(bα(FGC)α+ β¯FSUSY) as the
gauge fixing and ghost terms, where the BRST transformation refers to a combined
BRST transformations of (3.5) and (3.8). The resulting cross terms do not contribute
at one-loop level, since they are higher orders in quantum fields. After the gauge
fixing, the quadratic part of the total action is
S
(2)
tot = S
(2)
SG + S
(2)
GC + S
(2)
SUSY
=
∫
ddx eˆ
[
−1
4
DˆµhαβDˆ
µhαβ +
1
4
(
(d− 2)(d− 1)− β
2
2α
)
gˆµν∂µφ∂νφ
+
α− 1
2α
Dˆαh
αγDˆβh
β
γ − 1
2
hαβhγδRˆαγδβ +
1
8
(d− 2)2φ2Rˆ
+
1
2
(d− 2)φhαβRˆαβ − 1
2
(
d− 2− β
α
)
φDˆαDˆβh
αβ
+ i φ¯αDˆ/ φα − 1
a
i φ¯αDˆαDˆ/
−1
Dˆβφβ −
(
(d− 2)(d− 1)− b
2
a
)
i η¯Dˆ/ η
+
(
d− 2− b
a
)
i (η¯Dˆαφ
α − φ¯αDˆαη) + 1
2
αB′αB′α − a i B¯′Dˆ/ B′
−d − 2
d − 1S
2 + the ghost terms
]
. (3.12)
We choose the gauge parameters such that propagators have no mixing
〈hαβ(x)φ(y)〉 = 0, 〈φα(x)η¯(y)〉 = 0. (3.13)
From eq. (3.12) we find that these conditions require
β = (d− 2)α, b = (d− 2)a. (3.14)
It is most convenient to use propagators in the flat background metric by separating
the background metric into the flat metric and the fluctuations hˆα
β, φˆ as
eˆµ
α = δµ
β( e
1
2
hˆ)β
α e−
1
2
φˆ = δµ
α +
1
2
hˆµ
α − 1
2
δµ
αφˆ+ · · · . (3.15)
When the relations (3.14) are satisfied, the propagators on the flat background
metric are given by
〈hαβ(x)hγδ(y)〉 = −i
∫
ddp
(2π)d
[
ηαγηβδ + ηαδηβγ − 2(2− α)
2 + 2ǫ− αǫηαβηγδ
11
−(1− α)ηαγpβpδ + ηβδpαpγ + ηαδpβpγ + ηβγpαpδ
p2
+
4(1− α)
2 + 2ǫ− αǫ
ηαβpγpδ + ηγδpαpβ
p2
+
4ǫ(1− α)2
2 + 2ǫ− αǫ
pαpβpγpδ
p4
]
1
p2
eip·(x−y),
〈φ(x)φ(y)〉 = i
∫
ddp
(2π)d
4
ǫ(2 + 2ǫ− αǫ)
1
p2
eip·(x−y), (3.16)
〈
φα(x)φ¯β(y)
〉
= − 1
2(1 + ǫ− aǫ) i
∫
ddp
(2π)d
[
(1− a)γαγβpγ + a(γαpβ + γβpα)
+(a+ (1− a)ǫ)ηαβp/− (4a+ ǫ)pαp
/pβ
p2
]
1
p2
eip·(x−y),
〈η(x)η¯(y)〉 = 1
2ǫ(1 + ǫ− aǫ) i
∫
ddp
(2π)d
p/
p2
eip·(x−y). (3.17)
We see that the propagators of φ and η have a factor ǫ−1. This is due to the
vanishing of the supergravity action in d = 2. In addition, there are gauge parameter
dependent factors such as 1/(2+2ǫ−αǫ). They can become singular, since the gauge
parameters can depend on ǫ. It is convenient to choose gauge parameters such that
these factors do not diverge in the limit ǫ→ 0. This is achieved by choosing α and a
finite in the limit ǫ→ 0. The propagators (3.16) in the gravity sector are simplified
by choosing α = 1, β = ǫ. This is the gauge used in ref. [5]. The Rarita-Schwinger
propagators (3.17) are simplified by choosing a = 1, b = ǫ. We will use this gauge
to compute one-loop divergences of the Rarita-Schwinger field in the next section.
The gauge function of the local supersymmetry (3.9) can be guessed from the
supertransformation of the gauge function (3.6) of the general coordinate symmetry.
It is useful to consider a rigid supersymmetry in flat space by taking the transforma-
tion parameter ε in eq. (2.8) to be covariantly constant Dµε = 0 and to supplement
with the transformation for the Nakanishi-Lautrup fields δBα = −iε¯∂αB. Then
we find that these two gauge functions are related each other, under the following
identification of the gauge parameters
a =
α
d+ 2
, b =
β
d+ 2
. (3.18)
The conditions (3.14) are consistent with these identifications.
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4. One-loop divergences
Let us first illustrate our methods taking the matter supermultiplet as an example.
The action for the matter multiplet in eq. (2.13) can be expanded in powers of the
quantum fields. In order to compute the one-loop divergences from the matter loop,
we only need to consider quadratic terms in propagating quantum fields. By the
general covariance for the background field and the dimensional analysis, divergences
in the effective action (3.1) are proportional to the Einstein action. To compute the
coefficients we expand the background field in powers of fluctuation on the flat metric
as in eq. (3.15). We define a unit of divergence as
I = − 1
24πǫ
∫
ddx eˆRˆ
= − 1
24πǫ
∫
ddx
[
−1
4
∂µhˆνρ∂
µhˆνρ + · · ·
]
, (4.1)
where we have explicitly exhibited a term in the right-hand side which survives when
we impose conditions
∂µhˆ
µν = 0, hˆµν = hˆνµ, φˆ = 0. (4.2)
The coefficients of divergences can be obtained by computing terms quadratic in hˆµν
which satisfies eq. (4.2). These conditions simplify the loop calculations in many
cases.
For the scalar field in the matter supermultiplet, we consider the following de-
composition of the action quadratic in the quantum field X
S
(2)
scalar = −
1
2
∫
ddx eˆgˆµν∂µX∂νX
= −1
2
∫
ddx [ηµν∂µX∂νX + S
µν∂µX∂νX ] . (4.3)
The first term gives the propagator on the flat background, and the second term
gives an interaction with background metric through the vertex Sµν
Sµν = eˆgˆµν − ηµν = −hˆµν +O(hˆ2), (4.4)
where we have used the conditions (4.2). As shown in Fig. 1, the tadpole diagram
does not diverge at one-loop order, whereas the diagram with two S vertices gives
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✧✦
★✥
S
= 0 ✧✦
★✥
S S
= I
Figure 1: The loop diagrams of the scalar field.
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Figure 2: The loop diagrams of the spinor field.
the following one-loop divergence in the effective action Γ defined in (3.1)
Γscalar = 1× I. (4.5)
Similarly the action quadratic in the Majorana spinor field can be decomposed
into free part and interaction vertices
S
(2)
spinor =
1
2
∫
ddx eˆ iλ¯Dˆ/λ
=
1
2
∫
ddx i
[
λ¯∂/λ+ Sα
µλ¯γα∂µλ+
1
4
Ωαβγ λ¯γ
αγβγλ
]
, (4.6)
Sα
µ = eˆeˆα
µ − δµα = −
1
2
hˆα
µ +O(hˆ2), Ωαβγ = eˆeˆα
µωˆµβγ . (4.7)
As shown in Fig. 2, only the diagram with two S vertices gives the one-loop diver-
gence
Γspinor =
1
2
× I. (4.8)
As another example of our methods, we compute one-loop divergences of a vector
gauge field in appendix A.
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Next let us consider contributions given by the Rarita-Schwinger field. For sim-
plicity, we choose a = 1, b = ǫ gauge. The quadratic part of the action for the
Rarita-Schwinger field with the gauge fixing term and the ghost term can be decom-
posed into free part and interaction vertices
S
(2)
RS + S
(2)
SUSY =
∫
ddx i
[
φ¯α∂/φα + ∂αφ¯
α 1
∂/
∂βφ
β − ǫ eˆ η¯Dˆ/η
]
+ S1 + S2 + SSUSY−FP,
(4.9)
S1 =
∫
ddx i
[
Sβ
µφ¯αγβ∂µφα +
1
4
Ωβγδφ¯
αγβγγδφα + Ωβαγ φ¯
αγβφγ
]
,
(4.10)
S2 =
∫
ddx i
[(
Sα
µ∂µφ¯
α − 1
4
Ωαγδφ¯
αγγδ + Ωα
αγ φ¯γ
)(
1
∂/
− 1
∂/
V
1
∂/
)
∂βφ
β
+∂βφ¯
β
(
1
∂/
− 1
∂/
V
1
∂/
)(
Sα
µ∂µφ
α +
1
4
Ωαγδγ
γδφα + Ωα
αγφγ
)
+
(
Sα
µ∂µφ¯
α − 1
4
Ωαγδφ¯
αγγδ
)
1
∂/
(
Sβ
ν∂νφ
β +
1
4
Ωβǫζγ
ǫζφβ
)
−∂αφ¯α
(
1
∂/
V
1
∂/
− 1
∂/
V
1
∂/
V
1
∂/
)
∂βφ
β
]
, (4.11)
SSUSY−FP =
∫
ddx i
[
4
d
(
ηµν∂µβ¯∂νγ + S
µν∂µβ¯∂νγ
+
1
4
Ωµαβ(∂µβ¯γαβγ − β¯γαβ∂µγ)− 1
16
Ωµ
αβΩµγδβ¯γαβγγδγ
−1
4
eˆRˆβ¯γ
)
− i eˆ B¯′Dˆ/B′
]
, (4.12)
where we have used the condition (4.2) and
V = (eˆα
µ − δαµ)γα∂µ + 1
4
eˆα
µωˆµγδγ
αγγδ. (4.13)
The action (4.9) shows that the superconformal mode η gives the same contri-
bution as that of the spin 1
2
Majorana spinor λ
Γη =
1
2
× I. (4.14)
Diagrams with a φα internal loop are constructed with the vertices involved in S1
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Figure 3: The φα-loop diagrams with vertices from S1.
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Figure 4: The tadpole diagrams with vertices from S2.
in eq. (4.10) and/or S2 in eq. (4.11). First we consider vertices S and Ω in S1.
As shown in Fig. 3, tadpole diagrams with vertices from S1 do not diverge. The
one-loop diagrams with two vertices from S1 diverge individually, but they cancel
among them. Therefore we find that the divergences due to diagrams with vertices
from S1 cancel
ΓS1 = 0. (4.15)
We next consider diagrams with vertices from S2. Since S2 contains ∂/
−1
, it gives
nonlocal vertices involving ∂/
−1
. Tadpole diagrams with vertices from S2 give di-
vergences as exhibited in Fig. 4. The φα-loop diagrams with two vertices from the
S2 contribute divergences as shown in Fig. 5. Combining them together we find
contributions of φα-loop diagrams with vertices from S2 as
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Figure 6: The φα-loop diagrams with one vertex from S1 (left vertex) and the other
from S2 (right vertex).
ΓS2 =
1
2
× I. (4.16)
We also have φα-loop diagrams with one vertex from S1 and the other from S2, as
shown in Fig. 6. Their divergences cancel each other
ΓS1S2 = 0. (4.17)
Therefore we find one-loop divergences from φα-loop diagrams sum up to
Γφ = ΓS1 + ΓS2 + ΓS1S2 =
1
2
× I. (4.18)
Let us now discuss the one-loop divergence of ghost loops with vertices from
SSUSY−FP in eq. (4.12). Tadpole diagrams with S, Ω or Rˆ vertices gives divergences
as shown in Fig. 7. The remaining tadpole diagram with the ΩΩ vertex (the fourth
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Figure 7: The loop diagrams of the supersymmetry ghosts β and γ.
term in eq. (4.12)) should be combined with the one-loop diagram with two Ω
vertices in order to give a generally covariant result, as illustrated in Fig. 7. There
are also one-loop diagrams with two vertices from SSUSY−FP. Therefore contributions
of loops of the supersymmetry ghosts β, γ sum up to
Γβγ = 10× I. (4.19)
Contribution from the Nakanishi-Lautrup field B′ is the same as that of the Majo-
rana spinor λ
ΓNL =
1
2
× I. (4.20)
Combining eqs. (4.14), (4.18), (4.19) and (4.20), we obtain the one-loop diver-
gence from the gravitino-ghost system as
Γgravitino = Γη + Γφ + Γβγ + ΓNL =
23
2
× I. (4.21)
Now we turn to discuss the one-loop divergence of graviton loops in our method.
For the gauge parameters α = 1, β = ǫ, the action for graviton-ghost system contains
the following quadratic terms in the quantum fields hαβ, φ
S
(2)
E + S
(2)
GC =
∫
ddx
[
−1
4
ηµν∂µhαβ∂νh
αβ +
ǫ(ǫ+ 2)
8
ηµν∂µφ∂νφ
]
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Figure 8: The graviton (hαβ, φ) loop diagrams.
+Sint + SGC−FP, (4.22)
Sint =
∫
ddx
[
−1
4
Sµν∂µhαβ∂νh
αβ +
ǫ(ǫ+ 2)
8
Sµν∂µφ∂νφ
−Ωµαγ∂µhαβhβγ − 1
2
Tαβγδh
αβhγδ +
1
8
ǫ2Rˆφ2 +
1
2
ǫ Rˆαβhαβφ
]
,(4.23)
SGC−FP =
∫
ddx i eˆ bα
(
DˆβDˆβcα + Rˆα
βcβ
)
=
∫
ddx i
[
−ηµν∂µbα∂νcα − Sµν∂µbα∂νcα
−Ωµαβ(∂µbαcβ − bα∂µcβ) + Tαβbαcβ + 1
2
eˆB′αB′α
]
, (4.24)
Tαβγδ = eˆ
(
Rˆδαβγ + ωˆµαǫωˆ
µ
γ
ǫηβδ + ωˆµαγωˆ
µ
δβ
)
,
Tαβ = eˆ
(
Rˆαβ − ωˆµαγωˆµβγ
)
, Ωµαβ = eˆωˆµαβ. (4.25)
As shown in Fig. 8, tadpole diagram with the vertex T should be combined with
the one-loop diagram with two vertices of Ω to give a general coordinate invariant
result. Summing up the diagrams in Fig. 8, we find the contributions from the
graviton (hαβ , φ) one-loop diagrams as
Γhφ = −9 × I. (4.26)
Similarly contributions from the ghosts bα and cα for the general coordinate sym-
metry are given as shown in Fig. 9 as
Γbc = −16× I. (4.27)
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Figure 9: The loop diagrams of the ghosts b and c for general coordinate symmetry.
There is no contribution from the auxiliary field B′α. The graviton and the general
coordinate ghosts add up to give
Γgraviton = Γhφ + Γbc = −25× I. (4.28)
This result agrees with that in ref. [4]. By combining eqs. (4.21) and (4.28) with the
supersymmetric matter multiplets (X i, λi) (i = 1, · · · , cˆ) in eqs. (4.5) and (4.8), we
find the total one-loop divergence as
Γtotal = −3
2
(9− cˆ) I. (4.29)
This result may be expected from the conformal anomaly for the supergravity cou-
pled to the supersymmetric matter multiplets in two dimensions.
5. Fixed point and two-dimensional limit
In order to define a renormalized gravitational coupling constant G, we need to
specify a reference scale for the metric gµν [4]. The choice of the reference scale
affects the definition of the renormalized coupling constant and consequently the
associated beta function in general. In order to obtain a scale invariant result in the
limit of two dimensions, it is most appropriate to choose the reference scale as the
coefficient for a spinless operator Ψ which has the canonical dimension 2∆0 = 1 in
two dimensions [4]. It has been found that such a reference operator does not suffer
from divergences at one-loop order in the parametrization (3.2) [5]. This fact allows
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us to renormalize the gravitational coupling constant alone without considering the
renormalization of the reference operator Ψ, since it is automatically renormalized in
our parametrization at least at one-loop order. Therefore the bare coupling constant
G0 is related to the renormalized coupling constant G through
1
16πG0
=
µǫ
16π
(
1
G
− 9− cˆ
ǫ
)
. (5.1)
The second term in the right hand side is the one-loop counter term which cancels
the one-loop divergence (4.29).
The beta function defined by β(G) = µ ∂
∂µ
G is determined by µ ∂
∂µ
G0 = 0
β(G) = ǫG− (9− cˆ)G2. (5.2)
We see that quantum supergravity in 2+ǫ dimensions exhibits a nontrivial ultraviolet
fixed point G∗ at
G∗ =
ǫ
9− cˆ . (5.3)
Let us now turn to consider renormalizing the physical operators which are ob-
tained in sect. 2. We are especially interested in taking the two-dimensional limit.
Following ref. [5], the two-dimensional theory can be obtained as a limit ǫ → 0 of
the 2+ǫ gravity in a strong coupling region G≫ ǫ. In that limit, one can obtain the
anomalous dimension in powers of 1/(25−c). Moreover, by assuming the dominance
of conformal mode, one can derive a result which exactly reproduces the conformal
field theory approach [8]. We can apply their reasoning to our supergravity case as
well. In this paper, we restrict ourselves to operators ΨNS in the Neveu-Schwarz
sector.
Although we have obtained the bare physical operators (2.17), which are in-
variant under all the local gauge symmetries classically, we need to find an extra
dependence on the supergravity multiplet induced by quantum effects of the matter
fields. As an example let us consider a physical operator for the matter operator
eip·X in the bosonic theory. Classically, the integrand of the physical operator is
e eip·X = eˆ e−
d
2
φ eip·X . Quantum effects of the matter field X changes the conformal
mode dependence to e−
d
2
(1−∆0)φ, where 2∆0 = p
2 is the conformal dimension of the
matter operator [23].
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To find out the gravitational dressing in the supersymmetric case we use the
superfield formalism. Superfields X(x, θ) for a matter supermultiplet and Φ(x, θ)
for the (super)conformal modes can be written in terms of a Grassmann number
spinor θ [13]
X(x, θ) = X(x)− iθ¯λ(x)− 1
2
iθ¯θF (x),
Φ(x, θ) = φ(x)− iθ¯η(x) + 1
d
iθ¯θS ′(x). (5.4)
The auxiliary field S ′ is related to the auxiliary field S in eq. (2.1) as
S ′ = S +
1
8κ0
iψ¯µγ
νγµψν
= S +
1
4
iκ0φ¯αφ
α +
1
8
id(d− 2)κ0η¯η. (5.5)
As in ref. [5] we use the supergravity action with the bare gravitational constant G0
to compute the anomalous dimension of the operators. The fields φ, φα and η in eq.
(5.4) are defined as in eqs. (3.2) and (3.3) with κ replaced by κ0 =
√
16πG0. The
field S has also been rescaled by κ0. The physical operator in eq. (2.17) is given in
superspace
Op =
∫
ddxd2θ eˆ e−
d
2
κ0Φ(x,θ) eip·X(x,θ), (5.6)
We now quantize the matter fileds and find the conformal dimension 2∆0 for the
matter part of the operator. In the case of the momentum eigenstate (5.6), we
find that ∆0 =
1
2
p2. For the spinless operator, it is enough to consider the dressed
operator by multiplying the appropriate factor of the exponential of the superfield
Φ(x, θ) for the conformal mode in eq. (5.4) [5], [8], [9]
Odressedp (x) =
∫
d2θ eˆ e−
d
2
(1−∆′0)κ0Φ(x,θ) eip·X(x,θ)
= eˆ e−
d
2
(1−∆′0)κ0φ
[
ip · λ¯λ · p− 2ip · F − 2(1−∆′0)κ0S ′
−d
2
4
i(1−∆′0)2κ20η¯η − d(1−∆′0)κ0η¯λ · p
]
eip·X , (5.7)
where
∆′0 =
1
2
+ ∆0, ∆0 =
1
2
p2. (5.8)
The conformal dimension ∆′0 of the operator Op(x) is
1
2
larger than the conformal
dimension ∆0 for the operator in superspace because of the θ integration.
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To compute one-loop renormalization due to quantum effects of the supergravity
multiplet, we give nonzero background values to the matter fields Xˆ 6= 0, λˆ 6=
0, Fˆ 6= 0. Supergravity background fields are eˆµα 6= δαµ , ψˆµ = 0, Sˆ = −18 iκ0
¯ˆ
λλˆ.
The background of S has been chosen such that it satisfies the equation of motion.
In this background the dressed operator (5.7) becomes
Oˆdressedp (x) = eˆ
[
ip · ¯ˆλλˆ · p− 2ip · Fˆ + 1
4
i(1−∆′0)κ20 ¯ˆλλˆ
]
eip·Xˆ . (5.9)
We have to compute quantum effects of the supergravity multiplet by introducing
their fluctuations hαβ, φ, φα, η. We only need to compute O(ǫ
−2) singularities
since κ20 = O(ǫ) as we will see below. At one-loop order the expectation value of the
dressed operator (5.7) becomes
〈
Odressedp (x)
〉
=
[
1 +
(1−∆′0)2κ20
2πǫ2
+O(ǫ−1)
]
Oˆdressedp (x), (5.10)
The divergence can be removed by defining a renormalized operator
Orenp (x) = Z∆0O
dressed
p (x), Z∆0 = 1−
(1−∆′0)2κ20µǫ
2πǫ2
. (5.11)
Consequently the anomalous dimension is given by
γ∆0 = µ
∂
∂µ
lnZ∆0 = −8(1−∆′0)2
G0µ
ǫ
ǫ
. (5.12)
If we consider the strong coupling region G≫ ǫ,
1
G0µǫ
=
1
G
− 9− cˆ
ǫ
≈ −9− cˆ
ǫ
, (5.13)
we obtain the anomalous dimension to the first order in 1/(9− cˆ)2
γ∆0 =
4(1−∆′0)2
Q2
=
(1− 2∆0)2
Q2
, (5.14)
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where Q is the source charge for the Liouville field in the case of superconformal
field theory [9]
Q =
√
9− cˆ
2
. (5.15)
In the conformal field theory approach [9], the gravitational dressing of the op-
erator with the conformal dimension (∆0,∆0), 2∆0 =
1
2
p2 for the matter part
∫
d2xd2θEˆ eβΦ eip·X(x,θ) (5.16)
is determined by requiring that they must have conformal dimension (1
2
, 1
2
) [9]
∆0 − 1
2
β(β +Q) =
1
2
. (5.17)
The choice of the two solution can be made by resorting to the classical limit [8]
β = −Q
2

1−
√
1− 4(1− 2∆0)
Q2

 . (5.18)
We can compare our result with the conformal field theory approach by using
the scaling argument [5]. Let us call the dressing exponent β for the operator with
the conformal dimension (0, 0) as α. The scaling exponent of the operator insertion
Op is given by the ratio between the dressing exponent β and α
β
α
=
1
2
−∆0 + 12
(
1
2
−∆0
)2
4
Q2
+O
((
4
Q2
)2)
1
2
+ 1
8
4
Q2
+O
((
4
Q2
)2) . (5.19)
The scaling exponent can be given in terms of the anomalous dimension γ∆0 as [5]
β
α
=
2
(
1
2
−∆0
)
+ γ∆0
1 + γ∆0=0
. (5.20)
Our result in eq. (5.14) is nothing but the first nontrivial term of the expansion in
powers of 1/Q2. Moreover, we can show that the result of the conformal field theory
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approach can be reproduced to all orders of 1/Q2 in a way precisely analogous to ref.
[5]. In renormalizing the operators, we see that the fields other than the conformal
mode φ does not play a role. Let us assume that the divergences at higher orders are
also dominated by the one-loop counter term in the bare lagrangian and consider only
the conformal mode. Then the divergent part can be recast into a zero-dimensional
path-integral. We find that the argument in ref. [5] is valid in our case with the
replacement of 1−∆0 by 1−∆′0 and Q2 = (25− c)/3 by Q2 = (9− cˆ)/2. Therefore
we see that our result is fully consistent with the conformal field theory approach.
6. A method of dimensional reduction
So far we have been discussing d = 2 + ǫ dimensional supergravity using the
action (2.1) interpolating between two- and three-dimensional ones. A problem of
this approach is that the action is invariant under the local supersymmetry trans-
formations only up to terms of order (fermi fields)3 in general d dimensions. This
noninvariance is due to the fact that the bosonic and fermionic fields have different
numbers of components in general d dimensions while supersymmetry requires the
same number. Since these noninvariant terms can only affect higher loop orders,
our computations of divergences sould be valid at one loop level. Neverthless, it is
desirable to have a manifestly supersymmetric regularization method in noninteger
dimensions.
Another way to consider supergravity in 2 + ǫ dimensions is to use a method
of dimensional reduction [22]. This method was proposed by Siegel [15] as a reg-
ularization which preserves rigid supersymmetry for four-dimensional theories. In
this regularization one starts from a supersymmetric theory in D = 4 dimensions
and supposes that fields depend on only 4 − ǫ coordinates while keeping the num-
ber of components of the fields unchanged. In contrast to the ordinary dimensional
regularization [24], one may hope that supersymmetry is preserved in the result-
ing d = 4 − ǫ dimensional theory since the number of components of bosonic and
fermionic fields remain the same.
We can use this idea of dimensional reduction to construct a theory in d =
2 + ǫ dimensions starting from the D = 2 or D = 3 dimensional supergravity. We
denote the D-dimensional fields as EM
A, ΨM (= EM
AΨA), Sˆ, where M,N, · · · =
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0, 1, · · · , D − 1 and A,B, · · · = 0, 1, · · · , D − 1 are D-dimensional world indices and
local Lorentz indices respectively. The spinor fields are two-component ones. To
distinguish quantities in D dimensions and those in d dimensions, we put a hat
on D-dimensional ones, if necessary. The action of these fields has the form in eq.
(2.1) and is shown to be invariant under the supertransformations (2.8) using the
D-dimensional gamma matrix identities. We split the indices as M = (µ,m) and
A = (α, a), where µ, α = 0, · · · , d − 1 and m, a = d, · · · , D − 1. To reduce the
D-dimensional theory to d = 2+ ǫ we suppose that all the fields are independent of
D − d coordinates xm and parametrize them as [22]
EM
A = ∆−
1
2(D−2)
(
eµ
α Aµ
mem
a
0 em
a
)
,
ΨA = ∆
1
4(D−2)
(
ψA − 1
D − 2γAγ
bψb
)
,
Sˆ = ∆
1
2(D−2)S, ∆ ≡ (det ema)2. (6.1)
We have used a part of the D-dimensional local Lorentz symmetry to put Em
α = 0.
We have also made (super) Weyl rescalings to obtain the standard kinetic terms in
the d-dimensional action. The field content of the d-dimensional theory is a vielbein
eµ
α, D − d vector fields Aµm, (D − d)2 scalar fields ema, a Rarita-Schwinger field
ψµ = eµ
αψα, D−d spin 1/2 spinor fields ψa and a scalar field S. Because of the local
symmetry SO(D−d), which is a part of the D-dimensional local Lorentz symmetry,
not all components of em
a are physical. There are only (D−d)(D−d+1)/2 physical
scalar fields in em
a. The spinor fields ψµ and ψa remain two-component. The action
and the supertransformations in d dimensions can be obtained from eqs. (2.1) and
(2.8). We give the results for them in appendix B. One can also introduce matter
fields in d dimensions by dimensionally reducing D-dimensional matter multiplets
(2.13).
The (super) Weyl rescalings in eq. (6.1) is singular at D = 2. This is a reflection
of the fact that the Weyl rescaling in D dimensions cannot absorb the spacetime
dependent factor multiplying the Einstein term. This singular behavior can be
avoided if we start from D = 3, for instance. However, we still have a singularity
at d = 2. For D = 3, d = 2, eq. (6.1) gives Em
a = 1, Ψm = 0 and these degrees
of freedom are not represented by the d-dimensional fields. Therefore, it is better
to use a parametrization without (super) Weyl rescalings for d = 2 case. The
resulting two-dimensional theory turns out to be a supersymmetric version of so-
called dilaton gravity [25]. We present the action and the supertransformations in
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this case in appendix C.
It was later pointed out that the regularization by dimensional reduction is math-
ematically inconsistent [16]. The inconsistency discussed in ref. [16] uses the anti-
symmetric epsilon tensor ǫµνρσ. One might think that this is due to a difficulty to
define chiral quantities such as the epsilon tensor and γ5 in general non-integer di-
mensions. Such a difficulty is well known in the ordinary dimensional regularization
[24]. Chiral quantities are essential for four-dimensional theories since the defini-
tion of chiral scalar supermultiplets uses γ5. Therefore one might hope that the
regularization by dimensional reduction could be consistent in vector like theories,
such as supergravity theories we are considering, which do not use chiral quantities.
Unfortunately, this is not the case as we will show below.
Let us consider a reduction from D = 3 to d dimensions. According to the
definition of this regularization the gamma matrices γA = (γα, γa) are 2×2 matrices
and satisfy
{γA, γB} = 2ηAB, (6.2)
γA1···An = 0 (n > 3). (6.3)
These equations are also required to prove supersymmetry of the action. Let us
assume
ηαβη
βγ = δγα, δ
α
α = d, (6.4)
and define γα ≡ ηαβγβ . Since γαβγcd = γαβcd, from eq. (6.3) we have
γαβγcd = 0. (6.5)
Multiplying this equation by γαβ and γcd, and using eqs. (6.2) and (6.4), we obtain
0 = γαβγ
αβγcdγcd
= d(d− 1)(d− 2)(d− 3). (6.6)
Therefore this regularization can be consistent only for integer dimensions d =
0, 1, 2, 3.
The essential point of this discussion is eq. (6.3). To emphasize this point let us
consider another difficulty. From eqs. (6.2), (6.4) we can show that
γαγ
αβ1···βn = (d− n) γβ1···βn . (6.7)
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When d is not an integer, using eqs. (6.3), (6.7) we find that γα1···αn = 0 for all
non-negative integers n. In particular, we have γα = 0.
In the above discussions we have not used the antisymmetric epsilon tensor or
γ5. The above difficulties do not arise in the ordinary dimensional regularization
[24] since eq. (6.3) need not be satisfied. If one drops the requirement (6.3), how-
ever, supersymmetry of the (2 + ǫ)-dimensional theory will not be guaranteed. To
construct supergravity in 2 + ǫ dimensions in this approach, one has to find out a
modification of the regularization by dimensional reduction such that it is consistent
and preserves supersymmetry.
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Appendix A. One-loop divergences of a vector field
In this appendix we compute one-loop divergences of a vector gauge field Aµ in a
background gravitational field gˆµν . The gauge invariant action is
SV = −1
4
∫
ddx eˆgˆµρgˆνσFµνFρσ,
= −1
2
∫
ddx eˆ
[
gˆµνDˆρAµDˆ
ρAν − (DˆµAµ)2 + RˆµνAµAν
]
. (A.1)
To fix the gauge symmetry we introduce Faddeev-Popov (anti-)ghost fields b, c and
a Nakanishi-Lautrup auxiliary field B. Their BRST transformations are
δBAµ = ∂µc, δBc = 0, δBb = iB, δBB = 0. (A.2)
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Figure 10: The Aα-loop diagrams.
We use a gauge function
FYM = eˆ
(
DˆµAµ +
1
2
ξB
)
, (A.3)
where ξ is a constant gauge parameter. Then, the gauge fixing term and the ghost
action are
SYM =
∫
ddx δB (−ibFYM)
=
∫
ddx eˆ
[
1
2
ξB′2 − 1
2ξ
(DˆµAµ)
2 + ibDˆµ∂µc
]
, (A.4)
where B′ is a shifted auxiliary field. The total gauge fixed action is a sum of eqs.
(A.1) and (A.4): Stot = SV + SYM. We choose the gauge parameter as ξ = 1, which
simplifies loop calculations.
To compute one-loop counterterms we expand the background gravitational field
as in eq. (3.15). The total action is decomposed as
Stot = −1
2
∫
ddx
[
ηµν∂µAα∂νA
α + Sµν∂µAα∂νA
α + 2ΩµαβAβ∂µAα
+T ′αβAαAβ − 2iηµν∂µb∂νc− 2iSµν∂µb∂νc+ 1
2
eˆB′2
]
, (A.5)
where we have used a field with a local Lorentz index Aα = eˆα
µAµ. The functions
Sµν , Ωµαβ are defined in eqs. (4.4), (4.25) and
T ′αβ = eˆ
(
Rˆαβ + ωˆµγ
αωˆµγβ
)
. (A.6)
Divergent Aα one-loop diagrams are shown in Fig. 10. The tadpole diagram with
the vertex T ′ should be combined with the diagram with two Ω vertices to give a
general coordinate invariant result. The contribution from the ghost loop diagrams
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is the same as that of a complex scalar field of fermionic statistics and is given by
−2I. Therefore the total one-loop divergence of a vector gauge field is
Γvector = −6 × I. (A.7)
This result is consistent with eq. (16.75) in ref. [1].
Appendix B. Dimensional reduction to d dimensions
In this appendix we work out a dimensional reduction of supergravity in D dimen-
sions to d dimensions. The D-dimensional fields are taken to be independent ofD−d
coordinates xm and are parametrized by d-dimensional fields as in eq. (6.1). We ob-
tain the d-dimensional action up to four-fermi terms and the supertransformations
to this order.
It is convenient to describe the d-dimensional scalar fields em
a as a G/H nonlinear
σ-model, where G = GL(D− d) and H = SO(D− d). The scalar fields ema(x) ∈ G
transform under Grigid × Hlocal as
em
a(x) −→ Lmnenb(x)Oba(x), L ∈ G, O(x) ∈ H. (B.1)
We decompose a derivative of the scalar fields into two parts:
ea
m∂µemb = Pµab +Qµab,
Pµab ≡ 1
2
(ea
m∂µemb + eb
m∂µema) = Pµba,
Qµab ≡ 1
2
(ea
m∂µemb − ebm∂µema) = −Qµba. (B.2)
Qµab is in the Lie algebra of H, while Pµab is in the orthogonal complement of H in
G. They are invariant under Grigid. Qµab transforms as an H gauge field under Hlocal
and can be used to define covariant derivatives. Pµab can be expressed as a covariant
derivative of em
a:
Pµab = ea
m (∂µemb +Qµb
cemc) ≡ eamDµemb (B.3)
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and transforms covariantly under Hlocal. The kinetic terms of the scalar fields will
be written by using Pµab. The torsionless spin connection in D dimensions ωˆABC =
EA
M ωˆMBC(E) becomes
ωˆαβγ = ∆
1
2(D−2)
[
ωαβγ − 1
D − 2(ηαβeγ
µ − ηαγeβµ)Pµdd
]
,
ωˆαβc =
1
2
∆
1
2(D−2)Fmαβemc,
ωˆαbc = ∆
1
2(D−2)Qαbc,
ωˆaβγ = −1
2
∆
1
2(D−2)Fmβγema,
ωˆaβc = ∆
1
2(D−2)
[
−Pβac + 1
D − 2δacPβd
d
]
,
ωˆabc = 0, (B.4)
where ωαβγ = eα
µωµβγ(e) is the torsionless spin connection in d dimensions defined
by eµ
α.
Using the above formulae the D-dimensional action of the form (2.1) becomes
SSG =
1
16πG0
∫
ddx e
[
R− 1
4
gmnF
m
µνF
nµν − PµabP µab + 1
D − 2(Pµa
a)2
+iψ¯αγ
αβγDβψγ + iψ¯aγ
βDβψ
a +
1
D − 2iψ¯aγ
aγβγcDβψc +
1
8
iFmαβem
a
×
(
ψ¯γγaγ[δγ
αβγγ]ψ
δ + 2ψ¯γγ
αβγγψa + ψ¯bγaγ
αβψb +
1
D − 2 ψ¯bγ
bγaγ
αβγcψc
)
−iPαbcψ¯βγαγβγbψc + 1
D − 2iPαb
bψ¯βγ
αγβγcψc − D − 2
D − 1 S
2 +O(ψ4)
]
, (B.5)
where gmn = em
aen
bδab. The covariant derivatives on the spinor fields are given by
Dµψα =
(
∂µ +
1
4
ωµ
βγγβγ +
1
4
Qµ
bcγbc
)
ψα + ωµα
βψβ,
Dµψa =
(
∂µ +
1
4
ωµ
βγγβγ +
1
4
Qµ
bcγbc
)
ψa +Qµa
bψb. (B.6)
The coefficient of each term of the action is d-independent.
Supertransformations in d dimensions is defined as a sum of D-dimensional su-
pertransformations (2.8) and particular local Lorentz transformations:
δQ(ε) = δQˆ(η) + δLˆ(λ(ε)), η = ∆
− 1
4(D−2) ε,
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λαβ(ε) = − 1
D − 2 iε¯γαβγ
cψc,
λαb(ε) = −λbα(ε) = iε¯γα
(
ψb − 1
D − 2γbγ
cψc
)
,
λab(ε) = − 1
D − 2 iε¯γabγ
cψc. (B.7)
The parameter λαb has been chosen to preserve the condition Em
α = 0, while λαβ, λab
have been chosen to simplify transformations of eµ
α, em
a respectively. We obtain the
dimensionally reduced supertransformations as
δQeµ
α = −iε¯γαψµ,
δQAµ
m = −iε¯γµψaeam − iε¯γaψµeam,
δQem
a = −iε¯γaψbemb,
δQψµ = 2Dµε+
D − 2
(d− 2)(D − 1)Sγµε
+
1
2
Fmαβemc
(
eµ
αγβ − 1
2(d− 2)γµγ
αβ
)
γcε+O(ψ2),
δQψa = Pβacγ
cγβε+
D − 2
(d− 2)(D − 1)Sγaε
−1
4
(
δba +
1
d− 2γaγ
b
)
Fmβγembγ
βγε+O(ψ2),
δQS =
1
2
iSε¯γαψα − 1
2
iε¯γαβψαβ +
1
D − 2iε¯γ
αγbDαψb
+
1
8
iFmαβemc
(
ε¯γαβδγcψδ − D − 3
D − 2 ε¯γ
αβψc +
1
D − 2 ε¯γ
αβγcdψd
)
− 1
2(D − 2) iPαc
cε¯γβγαψβ − 1
2
iPαbcε¯γ
αγbψc
+
1
2(D − 2) iPαc
cε¯γαγbψb +O(ψ
3), (B.8)
where the covariant derivative of the parameter is
Dµε =
(
∂µ +
1
4
ωµ
αβγαβ +
1
4
Qµ
abγab
)
ε. (B.9)
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Appendix C. Dimensional reduction to two dimensions
A dimensional reduction from D = 3 to two dimensions requires a special treat-
ment. The resulting theory in two dimensions turns out to be a supersymmetric
version of dilaton gravity [25]. We obtain the supertransformations and identify
two-dimensional supergravity multiplet and a matter supermultiplet.
Since eq. (6.1) is singular for d = 2, we use a different parametrization without
(super) Weyl rescalings. Three-dimensional fields EM
A,ΨM , Sˆ are parametrized in
terms of two-dimensional fields eµ
α, Aµ, X, ψµ, λ, S as
EM
A =
(
eµ
α Aµ e
−X
0 e−X
)
,
Eα
MΨM = eα
µψµ, E2
MΨM = γ2λ,
Sˆ = 2S − F ′ + iλ¯λ, (C.1)
where F ′ is the supercovariantized field strength
F ′ = −1
2
ǫαβ
(
Fαβ e
−X + iψ¯αγβγ2λ+
1
2
iψ¯αγ2ψβ
)
. (C.2)
Two-dimensional supertransformations are defined by
δQ(ε) = δQˆ(ε) + δLˆ(λ(ε)),
λα2(ε) = iε¯γαγ2λ, λαβ(ε) = 0, (C.3)
where a local Lorentz transformation is added to preserve the condition Em
α = 0.
We find the supertransformations of the fields as
δQeµ
α = −iε¯γαψµ,
δQψµ = 2
(
Dµ +
1
2
Sγµ
)
ε,
δQS =
1
2
iSε¯γµψµ − 1
2
iε¯γµνψµν ,
δQX = iε¯λ,
δQAµ = −iε¯γµγ2λ eX − iε¯γ2ψµ eX ,
δQλ = −γµεDPµX − ε
(
F ′ − S − 1
2
iλ¯λ
)
, (C.4)
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where DPµ is the supercovariant derivative (2.15). To obtain the transformation of
S we have used
δQF
′ =
1
2
iF ′ε¯γµψµ − i (F ′ − S) ε¯λ− 1
2
iε¯γµνψµν + iε¯γ
µDµλ
+
1
2
iDPµXε¯γ
νγµψν + iD
P
µXε¯γ
µλ+
1
4
ε¯γµψµλ¯λ. (C.5)
Comparing eq. (C.4) with eq. (2.8), we find that the fields eµ
α, ψµ, S transform as
the two-dimensional supergravity multiplet. The other fields X, λ,Aµ form a matter
supermultiplet. This multiplet is similar to the scalar supermultiplet in eq. (2.14)
but contains a vector field Aµ instead of a scalar auxiliary field F . Notice that the
fields Aµ and S have the same off-shell degrees of freedom. Actually we can relate
these two supermultiplets. If we define
F = F ′ − S − 1
2
iλ¯λ, (C.6)
the supertransformations of X, λ, F derived from eq. (C.4) become exactly the same
as eq. (2.14) with d = 2.
Two-dimensional action dimensionally reduced from the three-dimensional action
(2.1) with d = 3 is found to be
SSG =
1
16πG0
∫
d2x e e−X
[
R + 2FS − iSλ¯λ− iλ¯γµνψµν
]
. (C.7)
This is the action of a supersymmetric dilaton gravity [25]. Strictly speaking, our
theory is not exactly the same as the theories in ref. [25], which use a scalar super-
multiplet with a fundamental scalar auxiliary field. In the action (C.7) the field F
is not fundamental but is constructed from other fields as in eq. (C.6).
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